Abstract--In convex metrm spaces, the Ishlkawa iteration process and the Ish]kawa iteration process with errors is defined for asymptotmally quasl-nonexpanswe mappings It is proved some sufficmnt and necessary cond]tlons for the lteratlve scheme converges to the fixed point of the asymptotically quasi-nonexpanswe mappings These results generahze and unify many important known results in recent literature (~)
INTRODUCTION AND PRELIMINARIES
Takahashi [1] introduced a notion of convex metric spaces and studied the fixed-point theory for nonexpansive mappings in such setting For the convex metric spaces, Kirk [2] and Goebel and Kirk [3] used the term "hyperbolic type space" when they studied the iteration processes for nonexpansive mappings in the abstract framework. For the Banach space, Petryshyn and Williamson [4] , in 1973 proved a sufficient and necessary condition for Picard iterative sequences and Mann iterative sequences to converge to fixed points for quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [5] extended the results of [4] and gave the sufficient and necessary condition for Ishikawa iterative sequence to converge to fixed points for quasi-nonexpansive mappings. In 2001 and 2002, Liu Qihou [6] [7] [8] proved some sufficient and necessary conditions for Ishikawa iterative sequence and Ishikawa iterative sequence with errors to converge to fixed points for asymptotically quasl-nonexpansive mappings in Banach space and uniform convex Banach space. In this paper, we will give some sufficiency and necessary conditions for Ishikawa iterative sequences of asymptotically qusi-nonexpansive mappings to converge to fixed points in the convex metric spaces. We w111 also define the Ishikawa iteration process with errors for asymptotically quasl-nonexpansive mappings, give some sufficient and necessary conditions for It should be pointed out that each linear normed space is a special example of convex metric space, but there exist some convex metric spaces which cannot be embedded into any normed space [1] . From Definition 2 known, Definition 1 is a special case of Definition 2 with q'n = 0. 
V x E X, V p e F(T), (F(T) denotes the set of fixed points).

DEFINITION 6. Let (X, d) be a metric space, T is caIled asymptotically quasi-nonexpansive if
there exists ks e [0, ~), ~i% ks = 0, such that
Yx E X, Vp E F(T), (F(T) denotes the set of fixed points).
From the above definitions, it follows that if F(T) is nonempty, a nonexpansive mapping must be quasi-nonexpansive, and an asymptotically nonexpansive mapping must be asymptotically quasi-nonexpansive. However, the inverse relation does not hold. Obviously, the Ishikawa iterative sequence is a special case of (7) with Yn = 0, ~/t n = 0, and U n :V n ~0. 
LEMMA 1. Let E be a nonempty closed convex subset of a complete convex metric space X, T : E ~ E, an asymptotically quasl-nonexpansJve mapping of E with ~n~__~ kn < +c~ and F(T), nonempty. Suppose that {xn} is defined by
Yx0 e E, Xn+l = W (T~yn, x~, c~n),(8)
), Vp c F(T), Vn e N (b) there exists a constant M > O, such that d(x~+,~,p) <_ Md(xmp), Vp E F(T), Vn, m E N (N denotes the natural number set).
PROOF OF (a) From (1), (6), and (b), we have
Substituting (10) into (9), it can be obtained that
This completes the proof of (a). PROOF OF (b) When x _> 0, 1 ÷ x <_ e ~, (1 ÷ x) 2 _ e 2z. Thus, from (a), (xn,p) . This completes the proof of (b). 
MAIN RESULTS
THEOREM 1. Let E be a nonempty closed convex subset a complete convex metric space X, T : E -* E, an asymptotically quazi-nonexpansive mapping ore (T need not be continuous) with ~°~=l ks < oo and F(T) nonempty. Suppose that {x,~} is Ishikawa type iterative scheme defined by (8). Then, {Xn}n°C=l converges to a tlxed point o[T i[ and only if limn--,oo inf d(x=, F(T)) = O,
d(xn+l,p)<_(l+ks)2d(x,~,p), VpEF(T), VnEN.
Hence, d(xs+l,F(T)) ~_ (1 + ks)2d(xs,F(T)) = (1 + 2kn + k~)d(xs, F(T)), Es~__l ks < c~,
X oo
The space is complete, thus, { -}s=t is convergent. Let lims-~o x~ = p. We will prove that p is a fixed point, i.e., p C F(T). 
(15)
Since g is arbitrary, we know that d(TP, P) = O, i.e., P = TP, therefore, p is a fixed point. This completes the proof of Theorem 1. 
COROLLARY 1. Let E be a nonempty closed convex subset of a complete convex metric space X, T : E -* E, a quasi-nonexpansive mapping of E (T need not be continuous), and F(T), nonempty. Suppose that
. From (18) , it can be obtained that
This imphes that {x~}n~__l is a Cauchy sequence. Since X is complete, thus limn__.~ x~ = p.
It will be proven that p is a fixed point, i.e., p E F(T). Thus, there exists a p' E F(T), such that
From (19) 
